In the paper, the concept of free orbit dimension of a von Neumann algebra is introduced. Some basic properties of this concept are discussed. Using this concept, we are able to provide more examples of II 1 von Neumann algebras whose Voiculesu's free entropy dimension is less than or equal to 1. These algebras include von Neumann algebras with Cartan subalgebras, nonprime II 1 factors and some II 1 factors with property T and more. 
Introduction
The theory of free probability and free entropy was introduced by Voiculescu in 1980's. In his ground-breaking papers [10] [11], Voiculescu introduced the concept of free entropy dimension and used it to provide the first example of II 1 factor that does not have Cartan subalgebras, which answered a long-standing open problem. There are many research works after Voiculescu's papers. Dykema [2] and Ge [3] computed free entropy dimension of II 1 von Neumann algebras with simple maximal abelian self-adjoint subalgebras. Ge gave the first example of separable prime II 1 factor in [4] by using the theory of free entropy. (Nonseparable prime II 1 factor was found by S. Popa). In [7] , Ge and second author computed free entropy dimension of some II 1 factors with property T , including L(SL(Z, 2m + 1)) (m ≥ 1).
In this paper we propose a concept, called as free orbit dimension of a von Neumann algebra, which is closely related to Voiculescu's free entropy dimension of a von Neumann algebra. Roughly speaking, Voiculescu's free entropy dimension is obtained by counting the covering numbers of certain sets. Free orbit dimension is obtained by counting the orbit covering numbers of the same sets. (see Definitions in section 2).
More specifically, suppose that M is a finitely generated von Neumann algebra with a tracial state τ . Let x 1 , . . . , x n be the elements in M. Then we define free orbit dimension K 1 (x 1 , . . . , x n ) and upper free orbit dimension K 2 (x 1 , . . . , x n ) of x 1 , . . . , x n in M using orbit covering numbers. Free orbit dimension and upper free orbit dimension of a von Neumann algebra are introduced. Upper free orbit dimension has many good properties, which are given in section 3. We make a list of these basic properties of K 2 (M), upper free orbit dimensions of von Neumann algebras.
, where δ 0 is Voiculescu's free entropy dimension.
2. K 2 (M) = 0, if M is a hyperfinite von Neumann algebra or a II 1 factor with property Γ.
If M = {N , u}
′′ where N is a von Neumann subalgebra of M with K 1 (N ) = 0 and u is a unitary element in M satisfying, for some Haar unitary 
is an ascending sequence of von Neumann subalgebras of M such that
In section 4, we apply the preceding properties of upper free orbit dimension of von Neumann algebra to study von Neumann algebras with Cartan subalgebras, nonprime II 1 factors, and some II 1 factors with property T . As easy corollaries, we reprove the results in [4] , [6] , [7] , [11] , [13].
Definitions
Let M k (C) be the k × k full matrix algebra with entry in C, and τ k be the normalized trace on M k (C); i.e., τ k = 1 k T r, where T r is the usual trace on M k (C). Let U(k) denote the group of all unitary matrices in M k (C). Let M k (C) n the direct sum of n copies of M k (C). Let · 2 denote the trace norm induced by τ k on M k (C) n ; i.e.,
For every ω > 0, we define the ω-orbit-ball
Let M be a von Neumann algebra with a tracial state τ , and x 1 , . . . , x n be elements in M. We shall define free orbit dimension and upper free orbit dimension of x 1 , . . . , x n . For any positive R and ǫ, and any m,
n such that A j ≤ R, 1 ≤ j ≤ n, and
for all 1 ≤ i 1 , . . . , i q ≤ n, all η 1 , . . . , η q in {1, * }, and all q with 1 ≤ q ≤ m.
For ω > 0, we define the ω-orbit covering number ν(Γ R (x 1 , . . . , x n ; m, k, ǫ), ω) to be the minimal number of ω-orbit-balls that cover Γ R (x 1 , . . . , x n ; m, k, ǫ). Now we define, successively,
where K 1 (x 1 , , . . . , x n ) is called as free orbit dimension of x 1 , . . . , x n and K 2 (x 1 , , . . . , x n ) is called as upper free orbit dimension of x 1 , . . . x n . In the same spirit as in Voiculescu's definition of free entropy dimension, we shall also define free orbit dimension and upper free orbit dimension of x 1 , . . . , x n in the presence of y 1 , . . . , y p for all x 1 , . . . , x n , y 1 , . . . , y p in the von Neumann algebra M as follows. Let Γ R (x 1 , . . . , x n : y 1 , . . . , y p ; m, k, ǫ) be the image of the projection of Γ R (x 1 , . . . , x n , y 1 , . . . , y p ; m, k, ǫ) onto the first n components; i.e.,
Then we define,successively,
Some Basic Properties
We start the section with a definition.
Definition 3.1 Suppose M is a finitely generated von Neumann algebra with a tracial state
and upper free orbit dimension K 2 (M) is defined by 
Proof: Remark Corollary 2.4 in [8] . The conclusion follows directly from the definitions of free entropy dimension, of free orbit dimension and of upper free orbit dimension. 
Proof: It is a straightforward adaption of the proof of Prop. 1.6 in [11] . Given R > max 1≤j≤p y j , m ∈ N and ǫ > 0, we can find m 1 ∈ N and ǫ 1 > 0 such that, for all k ∈ N,
for all ω > 0. It follows that
for all ω > 0, R > max 1≤j≤p y j . This in turn implies
The following theorem shows that, in some cases, upper free orbit dimension K 2 is a von Neumann algebra invariant.
Theorem 3.1 Suppose M is a von Neumann algebra with a tracial state τ and is generated by a family of elements {x
Proof: Suppose that y 1 , . . . , y p are elements in M that generates M as a von Neumann algebra. For every ω > 0, there exists a family of noncommutative polynomials
For such family of polynomials ψ 1 , . . . , ψ p , and every R > 0 there always exists a constant D, depending only on R, ψ 1 , . . . , ψ n , such that
For R > max 1≤j≤n x j , m sufficiently large, ǫ sufficiently small and k sufficiently large, every (H 1 , . . . , H p , A 1 , . . . , A n ) in Γ R (y 1 , . . . , y p , x 1 , . . . , x n ; m, k, ǫ) satisfies
It is obvious that such (A 1 , . . . , A n ) is also in Γ R (x 1 , . . . , x n ; m, k, ǫ). On the other hand from definition of orbit covering number it follows there exists a net { U(B
-orbitballs that cover Γ R (x 1 , . . . , x n ; m, k, ǫ) with |Λ k | = ν (Γ R (x 1 , . . . , x n ; m, k, ǫ),
). Therefore for such (A 1 , . . . , A n ) in Γ R (x 1 , . . . , x n ; m, k, ǫ), there exists some λ ∈ Λ k and W ∈ U(k) such that
It follows that
for some λ ∈ Λ k and W ∈ U(k). Hence, by definition of free orbit dimension we get
lim sup
since K 2 (x 1 , . . . , x n ) = 0. Therefore K(y 1 , . . . , y p : x 1 , . . . , x n ; ω) = 0. Now it follows from Lemma 3.2 that K(y 1 , . . . , y p ; ω) = K(y 1 , . . . , y p : x 1 , . . . , x n ; ω) = 0, whence K 2 (y 1 , . . . , y p ) = 0 and K 2 (M) = 0. Q.E.D.
Theorem 3.2 If M is a hyperfinite von Neumann algebra with a tracial state τ , then K 2 (M) = 0.
Proof: This is a direct consequence of the result in [1] . (see also [10] ).
Theorem 3.3
If M is a II 1 factor with property Γ with the tracial state τ , then K 2 (M) = 0.
Proof: By [5]
, we know that every II 1 factor with property Γ is generated by two self-adjoint elements in M. So M is finitely generated. Suppose that x 1 , . . . , x n are elements in M that generate M as a von Neumann algebra. For R > max 1≤i≤n x i + 1, ω > 0, and every t ∈ N, from the fact that M has property Γ it follows that there exists a family of mutually orthogonal equivalent projections p 1 , . . . , p t such that τ (p j ) = 1/t, 1 ≤ j ≤ t and
For m sufficient large, ǫ sufficient small and k sufficient large, every (A 1 , . . . , A n , H 1 , . . . ,
and we might even assume that H 1 , . . . , H t is a family of mutually orthogonal equivalent projections in M k (C) with sum I k (with the assumption that k/t is an integer). For each large k, decompose M k (C) into a tensor product M t (C) ⊗ M k/t (C) and let G 1 , . . . , G t be a given family of mutually orthogonal equivalent projections in M t (C) ⊗ CI k/t . Then there exists a unitary element
Note the linear subspace of M k (C) n spanned by the elements in T has real dimension not exceeding 2nk 2 /t. Every element in T has a trace norm in M k (C) n less than or equal to nR. By the definition of covering number, there exists a net
n that cover T with |Λ k | ≤ 12nR ω 2nk 2 /t . It in turn implies that, for some λ ∈ Λ k , W ∈ U(k) we have
Hence, by the definition of free orbit dimension we get
Because t is an arbitrarily positive integer, we showed
Combing with Lemma 3.2, we have shown that K(x 1 , . . . , x n ; ω) = K(x 1 , . . . , x n : p 1 , . . . , p t ; ω) = 0,
The proof of next theorem, being a slight modification of that of Theorem 3.1, will be omitted.
Theorem 3.4 Suppose that M is a finitely generated von Neumann algebra with a tracial state
Definition 3.2 Suppose U is a unitary matrix in M k (C). Then U is called as a Haar unitary matrix if
The following lemma is a easy consequence of Lemma 3.1 [7] ( see also [12] ).
Then, for every 0 < r < δ, there exists a net
with the cardinality of Λ satisfying |Λ| ≤ 
, where the cardinality of Λ satisfies
). When m is sufficient large, ǫ is sufficient small, by [1] we can assume that all V 
It is easy to see that such
)-orbitballs, there exist some λ ∈ Λ k and W ∈ U(k) such that
Note that V i.e., there exist some U λ,σ in {U λ,σ } σ∈Σ k such that
Hence, be the definition of free orbit dimension we have shown
Since r is an arbitrarily small positive number, we have
Combining with the results in [1] , the preceding theorem can be easily extended as follows. 
Proof: Suppose that {x 1 , . . . , x n } is a family of generators of N 1 and {y 1 , . . . , y p } a family of generators of N 2 . Since N 1 ∩ N 2 is a diffuse von Neumann subalgbra, we can find a Haar unitary u in N 1 ∩ N 2 . For every R > max 1≤i≤n,1≤j≤p { x i + 1, y j + 1}, ω > 0, 0 < r < 1 and m ∈ N, ǫ > 0, k ∈ N, there exists a net {U(B
n+1 that cover Γ R (x 1 , . . . , x n , u; m, k, ǫ) with the cardinality of Λ k satisfying |Λ k | = ν ((x 1 , . . . , x n , u; m, k, ǫ), and K(x 1 , . . . , x n , . . .), K 2 (M) are defined accordingly. The statements of all theorems in the paper will still be valid when, now, M is a countably generated von Neumann algebra.
Applications
In this section, we will discuss a few applications of the results from last section. In this section, we denote L(F n ) the free group factor with n generators. By Voiculescu's fundamental result in [10] , we know δ 0 (L(F n )) ≥ n where δ 0 is Voiculescu's modified free entropy dimension. By combining Lemma 3.1, Theorem 3.2, Theorem 3.3, Theorem 3.4, Theorem 3.5 and Theorem 3.6, we can easily have the following results, which are earlier results obtained in [4] , [6] , [7] , [11] and [12] . Remark: More examples can be obtained by using the results from preceding section. For example, suppose that G is a group generated by elements a, b, c such that ab 2 = b 3 a and ac 2 = c 3 a. Then G is an I.C.C group and the group von Neumann algebra associated with G is a factor of II 1 . By Theorem 3.5 and Theorem 3.6, we know that K 2 (M) = 0 and δ 0 (M) ≤ 1.
